The mechanics of transport and ow in a random porous medium are addressed in this paper. The hydraulic properties of the porous medium are modeled as spatial random processes. The heterogeneity of the medium is modeled as a superposition of scales of heterogeneity that are statistically uncorrelated. The stochastic process making up a hydraulic property is thus represented as a linear combination of normalized deterministic shapes multiplied by a set of uncorrelated random variables. The Karhunen-Loeve expansion is used to formalize this representation. The uncertainty contained in each of these scales is then propagated through the system using the governing di erential equation as constraint. The solution process will thus consist of the original scales used to represent the porous medium as well as various interaction between these scales. The objective of this paper is to develop a procedure for quantifying the uncertainty in the eld variables using the scales of uctuation of the porous medium as the measuring stick.
Introduction
The mechanics of ow in heterogeneous media presents a number of issues that, although long recognized, remain largely unresolved. The particular form of these issues is intimately related to the mathematical framework used to describe the heterogeneity of the medium. The treatment presented in this paper will refer to a probablistic framework. Within this class of models, one of the most important, though elusive, issues seems to be the meaning to associate to the solution to a problem involving random media. This issue has immediate bearing on the identi cation of quantities to be solved for in the course of such an analysis. A large number of research in this eld, for example, has aimed at evaluating approximations to the statistical moments of certain eld variables such as concentrations, and hydraulic heads 2, 5, 12, 14, 16, 17, 20, 21, 4] . These moments have usually been restricted to second order moments and their evaluation has involved a number of assumptions ranging from small perturbations, to moment closure techniques, that limit their range of applicability to small levels of random uctuations in the porous medium. Recent research developments in stochastic nite elements have also headed in a similar direction 6, 7, 23, 18] . Even when a Monte Carlo simulation is relied upon for the analysis 24], the results from the simulations are still used to synthesize these statistical moments. The information contained in these moments is valuable and, if evaluated accurately, provides useful, though limited, data for decision making. In few cases 13] information relating to the probability of failure is approximately evaluated. The approaches cited above yield various norms of the solution variables, and do not claim to evaluate the solution itself.
In this paper, a formalism is presented that elucidates this important issue. Speci cally, the solution is identi ed with its coordinates with respect to a basis in an appropriate Hilbert space. A procedure is described for evaluating these coordinates. The random aspect of the problem is viewed as representing a new dimension. Unlike the other dimensions in the problem, where Lebesgue measure is the naturally induced measure, a probability measure is naturally induced along this new dimension. Moreover, whereas euclidian discretization and an associated grid ( nite elements or nite di erence) can be readily associated with any variable de ned on the euclidian dimensions, no such expeditious geometrical interpretation can be associated with discretizations along the random dimension. Indeed, a global (i.e. of non-bounded support) spectral discretization is used along this dimension. This discretization is associated with basis functions having global support over the random dimension. Once the framework for describing random functions has been established, a procedure will be described for evaluating the projection of the solution process on a suitable basis in an appropriate Hilbert space. This will provide a convergent expansion of the solution process in terms of a basis of random variables. This expansion can then be utilized to evaluate norms of the solution, resulting in statistical moments, or to evaluate integrals of the solutions, resulting in probabilities of various events. To elucidate the basic concepts, a summary of the procedure is now presented:
In this paper a random medium property will be expanded according to,
where denotes the random dimension, k i represents a certain scale of uctuation of the property k, while i represents its random magnitude and hence the random contribution of that particular scale to the overall property. Both the property and its various scales are global quantities and depend on the spatial position x, they can also be multi-variate quantities. The porous medium, acting as a nonlinear lter, will couple the uncertainties from the various scales in reproducing the motion of the uid. Thus, the solution sought in this paper, is a multidimensional nonlinear function of the set f i g and will be assumed to have the following generic form,
where fh i (x; t)g are deterministic quantities to be calculated, and f i ( )g is a basis in the space of random variables. This basis will be taken to be the set of multidimensional Hermite Polynomials in the quantities f i ( )g. This basis
will be referred to as the Polynomial Chaos 26] . The Monte Carlo simulation procedure is a special case of the above representation, with
where i is a particular outcome, and denotes the Kronecker delta function.
A technique that is related to the one developed in this paper has recently been presented 22]. That technique is based on the decomposition method 1] which is closely related to the Neumann expansion of generalized inverses 10] and Taylor series expansion of operators. Unlike the decomposition method, where the coe cients in the expansion are evaluated based on an order matching procedure, the method presented herein relies on the weighted residual formalism thus permitting the evaluation of an optimal expansion given a speci ed order of the expansion.
In the next two section, the discretization of random processes in terms of a nite number of random variables is presented. Emphasis is placed on two expansions, namely the Karhunen-Loeve and the Polynomial Chaos expansions. Following that, the equations governing ow in a heterogeneous porous medium are presented, this problem will be used as a vehicle for demonstrating the concepts presented in the paper. Next, the discretization with respect to the spatial variables is implemented via the nite elements formalism, resulting in a set of nonlinear ordinary di erential equations with respect to the time variable. In view of the randomness of the hydraulic properties of the porous medium, the unknowns at this stage consist of vectors of random variables representing the ow variables at the nodes. Following that, the KarhunenLoeve and the Polynomial Chaos expansions are used to obtain an ordinary di erential equation with deterministic coe cients.
2 Scales of Fluctuations
The Karhunen-Loeve expansion 19] of a stochastic process h(x; ), is based on the spectral expansion of its covariance function R hh (x; y). Here, x and y are used to denote spatial coordinates. The covariance function being symmetrical and positive de nite, by de nition, has all its eigenfunctions mutually orthogonal, and they form a complete set spanning the function space to which h(x; ) belongs. It can be shown that if this deterministic set is used to represent the process h(x; ), then the random coe cients used in the expansion are also orthogonal. The expansion then takes the following form,
where h(x) denotes the mean of the stochastic process, and f i ( )g forms a set of orthogonal random variables. Furthermore, f i (x)g are the eigenfunctions and f i g are the eigenvalues, of the covariance kernel, and can be evaluated as the solution to the following integral equation
where D denotes the spatial domain over which the process h(x; ) is de ned.
The most important aspect of this spectral representation is that the spatial random uctuations have been decomposed into a set of deterministic functions in the spatial variables multiplying random coe cients that are independent of these variables. If the random process being expanded, h(x; ), is gaussian, then the random variables f i g form an orthonormal gaussian vector. The Karhunen-Loeve expansion is mean-square convergent irrespective of the probabilistic structure of the process being expanded, provided it has a nite variance 19]. Figure ( ??) shows four realizations of a two-dimensional stochastic process simulated using the Karhunen-Loeve expansion. Figure ( (6) where b denotes some correlation length and jx ? yj 2 denotes the square of the euclidian distance between the two points x and y. The abscissa in these gures refers to the node numbers, and the ordinate refers to the magnitude of the normalized eigenmode. Note that for a number of covariance functions de ned over regular geometric domains, an analytical solution of the integral eigenvalue problem has been obtained 25, 10] . Figure (3) shows the monotonic decay of the eigenvalues i . The monotony of this decay is guaranteed by the symmetry of the covariance function, and the rate of the decay is related to the correlation length of the process being expanded. Thus, the closer a process is to white noise, the more terms are required in its expansion, while at the other limit, a random variable can be represented by a single term. In physical systems, it can be expected that material properties vary smoothly at the scales of interest in most applications, and therefore only few terms in the Karhunen-Loeve expansion can capture most of the uncertainty in the process.
Polynomial Chaos Expansion
The covariance function of the solution process is not known apriori, and hence the Karhunen-Loeve expansion cannot be used to represent it. Since the solution process is a function of the material properties, nodal concentrations, c( ), can be formally expressed as some nonlinear functional of the set f i ( )g used to represent the material stochasticity. It has been shown 3] that this functional dependence can be expanded in terms of polynomials in gaussian random variables, referred to as Polynomial Chaoses. Namely, 
In this equation, the symbol ? n ( i 1 ; : : : ; in ) denotes the Polynomial Chaos 26,15] of order n in the variables ( i 1 ; : : : ; in ). These are generalizations of the multidimensional Hermite polynomials to the case where the independent variables are functions measurable with respect to the Wiener measure. Introducing a one-to-one mapping to a set with ordered indices denoted by f i ( )g and truncating the Polynomial Chaos expansion after the p th term, equation (7) can be rewritten as,
These polynomials are orthogonal in the sense that their inner product < j k >, which is de ned as the statistical average of their product, is equal to zero for j 6 = k. Moreover, they can be shown to form a complete basis in the space of second order random variables. A complete probabilistic characterization of the process c( ) is obtained once the deterministic coe cients c j have been calculated. A given truncated series can be re ned along the random dimension either by adding more random variables to the set f i g or by increasing the maximum order of polynomials included in the Polynomial Chaos expansion. The rst re nement takes into account higher frequency random uctuations of the underlying stochastic process, while the second re nement captures strong non-linear dependence of the solution process on this underlying process.
It should be noted at this point that the Polynomial Chaos expansion can be used to represent, in addition to the solution process, stochastic processes that model non-gaussian material properties 11, 8] . The processes representing the material properties are thus expressed as the output of a nonlinear system to a gaussian input.
Governing Equations
The equations governing the ow of a uid in a porous medium can be written in the form, Following the presentation in section 2 above, the conductivity tensor is expanded according to,
where k i consists of the product of the square root of the i th eigenvalue with the i th eigenfunction. Clearly, truncating the Karhunen-Loeve expansion after N terms results in a stochastic process with smaller variance than originally intended. The above expansion is therefore multiplied by a normalizing constant so that the variance of the summation equals the original variance. Substituting this expansion into the governing equation yields,
In the spirit of the nite element method, this last equation is projected onto a basis consisting of test function, taken here to be the set of local polynomials.
Following that with the traditional Galerkin projection, results in the following algebraic equation for the nodal values of the hydraulic head,
where the matrices C and K i are obtained by assembling the elemental matrices given by, 
Clearly, the matrix K (e) i represents the conductivity matrix corresponding to a spatially hydraulic conductivity equal to the i th scale of uctuation. The essential boundary conditions can then be implemented according to standard nite element procedures, assuming they are to be imposed with probability one. For each realization of the random variables i , the above equations can be solved for a corresponding realization of the hydraulic head h throughout the domain. Next, a procedure is developed that implements the concepts developed in sections 2 and 3 above.
Weighted Residuals and Solution Representation
In this section, the hydraulic head eld h is represented as h = M X i=0 j h j ; (21) and a framework is developed for evaluating the deterministic coe cients h j in this expansion. Substituting this expansion in equation (17) Once the coe cients in the expansion of the solution process have been evaluated, the variance of the solution can be readily obtained. Noting that the polynomial chaos basis is orthogonal, a simple expression for the covariance matrix of the solution process is given by
The variance of the solution at any nodal point is then obtained as the diagonal elements of R T T . Of course, additional information is contained in the expansion coe cients h i , beyond this second order characterization. Indeed, a complete probabilistic characterization is condensed in these coe cients. Simulated realizations of the solution can be simply obtained by generating a set of random variables i from which the polynomial chaoses are formed and used in the expansion of the hydraulic head eld. The coe cients of the rst order expansion (those multiplying the rst order polynomials, 1 , 2 , 3 , 4 ) can be viewed as the rst order sensitivity coe cients similar to those obtained from a perturbation-based analysis of the problem.
To clarify the foregoing, assume that the hydraulic conductivity process is represented in a four-term Karhunen-Loeve expansion as,
where the random variables i appearing in both expansions are orthogonal. 
The zero order term represents the mean, the next fourteen terms represent the full second order representation (four terms for the rst order and 10 terms for the second order), while the last two terms represent two of the components from the third order representation, and they are included in order to assess the magnitude of this contribution and determine whether more terms in the expansion are needed. The indexing on the coe cients in all the above expansions is compatible with a four-dimensional expansion. For lower dimensional expansion, the same indexing can still be used with only the coe cients referencing the active i variables not equal to zero. For higher order expansions, on the other hand, the indexing scheme must be modi ed in order to insert the polynomials with respect to the new variables at their appropriate location. The signi cance of the various terms in equation (27) is of great relevance in applications. In particular, to the extent that each of i represents the contribution of the i th scale of uctuation of a the hydraulic conductivity, the coe cients of the rst order terms in the expansion of the hydraulic head eld (i.e. those terms multiplying the rst order polynomials), represent the rst order sensitivity of the hydraulic head with respect to that speci c scale. The rst order sensitivity of the hydraulic head with respect to the overall property is obtained by adding the contribution from all scales making up that property. The resolution of the sensitivity at the levels of individual scales, however, is of great signi cance in itself. Indeed, it permits the identi cation of the signi cant scales of the property, thus indicating a preferred strategy for the experimental estimation of that property. Speci cally, through a judicious spacing of measurements along a specimen, a speci c scale of uctuation of the material property can be evaluated. The higher order terms in the expansion can be used to re ne the estimated values of these sensitivities to within target accuracy.
The above development has hinged on the representation of the hydraulic conductivity given by equation (26) . This equation represents the hydraulic conductivity as the sum of gaussian variables, and can therefore only be used to produce a gaussian model of the hydraulic conductivity. In order to permit the modeling of lognormal conductivities, equation (26) More or less terms could be included in the above expansion depending on the level of accuracy required in reproducing the lognormal behavior. The number of terms required will depend generally both on the coe cient of variation of the lognormal process as well as on the correlation length of the process. Of course, the expansion given by equation (27) for the solution process h is not a ected by replacing equation (26) by equation (28), and the analysis proceeds as described above.
6 Numerical Example
The method described above is now exempli ed by its application to a simple problem. Consider the two-dimensional square domain shown in Figure ( (6) shows similar results associated with a value of V k equal to 0.4. It is clear from this gure that the higher order terms contribute signi cantly towards an accurate representation of the solution. Indeed, their contribution is of the same order of magnitude as the lower order terms. In both of these gures, the value of the polynomial chaos coe cients at node 111 are zero, since this node is maintained at a xed value of hydraulic head, and thus there no uncertainty associated with its value. From a comprehensive parametric study, is has been observed that for small values of V k , the magnitude of the polynomial chaos coe cients varies linearly with V k . This linear trend does not hold, though, for values of V k in excess of 0.2. Figure (7) shows one realization for the evolution in time of the hydraulic head that has been synthesized from the polynomial chaos coe cients based on equation (27). This realization is associated with a value of V k equal to 0.4.
Figure (8) shows the polynomial chaos coe cients associated with a lognormal distribution of the hydraulic head and a value of V k equal to 0.4. The large discrepancy between this and the results associated with the gaussian case is clear. The discrepancy reduces for smaller values of V k . It is also clear from this gure that not only magnitude of the polynomial chaos coe cients is a ected by the choice of probability density function (pdf). In fact the time evolution of the individual coe cients is itself quite sensitive to the particular choice of the pdf. Figure (9) shows the results associated with a nonzero value of the ux q b equal to 1. The results correspond to a lognormal hydraulic conductivity and a coe cient of variation equal to 0.4. It is clear from this gure that the uncertainty associated with the boundary conditions manifests itself more through contributions to the higher order terms. Indeed, it can be seen in this gure that the lower order terms are not signi cantly changed from their values in gure (8) , while the higher order terms (in the inset gure) have changed noticeably. Figure (10) shows the polynomial chaos coe cients associated with a correlation coe cient, b, equal to 0.3.
Conclusion
A method has been presented that is capable of addressing in great generality hydraulic conduction problems involving random media. The method is based on treating the random aspect of the problem as a new dimension along which a spectral expansion is carried out. The method has been exempli ed by its application to a simple problem. The method is not restricted in its applicability to gaussian material properties as demonstrated by the application. This method, however, results in an extended system of equations that is larger than the associated deterministic nite element system. This increase in size is commensurate with the addition of a new dimension to the problem, and should be viewed as the cost of added information.
An important value of the procedure presented in this paper is that it provides the solution in the form of a convergent expansion, thus a reliable characterization for the propagation of uncertainty from the hydraulic properties values to the predicted values of the hydraulic head can be obtained.
Further investigations are required in order to determine the value of the information captured by the polynomial chaos coe cients. These coe cients completely characterize the solution of the problem. Given the explicit dependence of the polynomial chaos expansion on the scales of uctuation of the porous medium, it is expected that optimal and adaptive sampling strategies can be devised that view the porous medium as a superposition of scales of uctuation, as opposed to the more traditional view whereby the porous medium is considered in its physical context of spatial locations that have been stacked next to each others. 
